1 Properties of Spherical Harmonics

1.1  Repetition

In the lecture the spherical harmonics Y, (0, ) were introduced as the
5 32 . .
eigenfunctions of angular momentum operators [, and [ in spherical coordinates.

We found that
LY, (0, 6) = hmY, (0, 6) [1.1]
and
Y, 00, 6) = R +1)Y, (0, 6) . [1.2]
The spherical harmonics can be defined as
Y 0 &) = Ny - Py (cos) - ™ [1.3]

where ¢ is the quantum number of the orbital angular momentum and m the
magnetic quantum number. There are analytical definitions for the normalization
factor N, , and the associated Legendre Polynomials P?(cos@) that allow the

calculations of the spherical harmonics.

The spherical harmonics for € =0, 1, and 2 are given by

Yo (0, ¢) = [1.4]
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[1.5]
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Yy o6 ) = }1 ﬁ(&:osz@—l)

Y, (0, ¢) = % JgsinecoseeﬂqS . [1.6]
Y, 100, ¢) = 411 ;—isinzﬁeﬂid’

Note, that the sign of the functions Y, (6, ¢) and Y, 141(0, ¢) is defined differently
than in the script of the lecture. The definition here is in agreement with most of the

literature on spherical harmonics.

1.2  Graphical Representation of Spherical Harmonics

The spherical harmonics are often represented graphically since their linear
combinations correspond to the angular functions of orbitals. Figure 1.1a shows a plot
of the spherical harmonics where the phase is color coded. One can clearly see that
|Y€’ (0, ¢)| is symmetric for a rotation about the z axis. The linear combinations
1/2(Y 0, 0) + (=1)"Y (0, 9)) = N2|Y (0, @) cos(ma), Y0, ¢)  and
—i/ﬁ(Y& (0, D) —(—1)mY€’ _(0, 9)) = ﬁ|Y€’ (0, @)|sin(m¢) are always real and

have the form of typical atomic orbitals that are often shown.

1.3  Properties of Spherical Harmonics

There are some important properties of spherical harmonics that simplify

working with them.

1.3.1 Orthogonality and Normalization

The spherical harmonics are normalized and orthogonal, i.e.,

2T

[[Ye, m 0 0)Ye, 0. 9)sin0(d0)dS = 6, .60 o, [17]
00

where the Kronecker delta is defined as
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Figure 1.1: Graphical Representation of the Spherical Harmonics

a) Plot of the spherical harmonics Y, (6, ) where the phase of the function is color coded.
Note that |Y, (0, ¢)| is always axially symmetric with respect to a rotation about the z axis
since it depends only on the angle ¢ . The phase of the function changes with a periodicity of
m . b) The linear combinations 1/ﬁ(Y€’ (0, 0) + (—1)mY€’_ 0, 9)) = ﬁ|Y€, (0, @)|cos(me),
Y, o0, ), and —i/ﬁ(Y& (0, ) — (—1)mY€’ (0, 9)) = ﬂ|Y€’ m(0, @)|sin(m¢) are all real
and show only a phase of 0 (positive) and © (negative) and correspond to the typical orbital
shapes.
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o, p = . 1.8
@b {1 a=b [1.8]

They form a complete basis set of the Hilbert space of square-integrable functions, i.e.,

every such function can be expressed as a linear combination of spherical harmonics
oo ¢
f0.9) = 3 X fenYeul 0. [19]
0=0 m=—¢
The coefficients f, , can be calculated as

2T

Fom = [[£0.0)Y, (0, 6)sin0(d0)do . [1.10]

00

1.3.2 Product of Two Spherical Harmonics

Since the spherical harmonics form a orthonormal basis set, the product of two
spherical harmonics can again be expressed in spherical harmonics. Let us first look at

a simple example

Yy (0, 0) - Yq (0, ¢) = %ﬁcos@ : %ﬁcos@ = %coszﬁ . [1.11]

Comparing this to the spherical harmonics of Egs. [1.4]-[1.6] it is immediately clear
that we need the functions Y, ((6, ¢) and Y (0, ¢) to express the product. We can

make an Ansatz

Y1 000, 8) - Yy o6, ) = co oY, o(0s &) + 5 oY o0s 6) [1.12]

which leads to

3 2 1 1 /5 2
—_ = 4 —_ i —
108 0 CO’OJE C2’04 ﬂ(3cos 0-1)

_ 1 16, 3[F. 2
= Co,oE—Cz,OZL — +C207,/708

From this it is immediately clear that

[1.13]
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3 4 |n 1
=2 .28 - - 1.14
€20 47 3&/; /5 [ ]

and

= _L1p

Co.0 = [1.15]
0.0 /5r4Nm

1

E .

For a general product this is of course more complicated but there are a few
simple rules for the general product Yel’ ml(G, o) - Yﬁz, m2(0, ¢) . Since the dependence
on ¢ is always given by exp(im¢), it is immediately clear that the product function
has to have the magnetic quantum number M = m; + m,. Using similar arguments,
the orbital angular quantum number can be limited to the range
|€1 =€, <L <|€) +€,|. In principle, it is not important to know these restrictions since
the Clebsch-Gordan coefficients (or the Wigner 3j symbols) will do the selection

automatically.

The product can in general be written as the following linear combination

€, +1H)(2¢,+1)(2L +1)
Yoom@0) Yo 0,0 = Y J . .
LM T
[1.16]
¢, €, L | »
x( 1 %2 ]YL (6, 9’5)( €, ¢, LJ
mymy, M ) 000
where the Wigner 3j symbols are related to the Racah or Clebsch-Gordan coefficients
by
= (=)o M_—__(¢,,my, €, m,, L,-M) . [1.17]
[mlsz] JeL+1 Ut ETR

The Wigner 3j symbols or the Clebsch-Gordan coefficients can be found in tables in
books about angular momentum or calculated using programs like Matlab, Macsyma,

or Mathematica. Written with Clebsch-Gordan coefficients we obtain for Eq. [1.16]
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(2¢, +1)(2€, + 1)
Yfpml(e’ ¢) ' Y€2’ m2(0’ gb) - 2 1-li/T((ZL + i)
L, M

xc(€q, my, €y, my, L, M)c(£4, 0, €,,0,L,0)

Y1 (6. 9) [1.18]

To calculate the coefficients for the above example, we need the Wigner 3j

symbols for

110 1 111 112 2
= — =0 = [— 1.19
[ooo] J3 (ooo) [ooo] J:S 1]

and obtain

2
Y1 o0, 8) - Yy o0, 6) = 23 (z“l)uég)n,ow,@

[1.20]

¢) +0Yq o0, 9) + 9)

:le— Y o0, Jé—zo(e

In the same way more complex products can be calculated and decomposed in the
spherical harmonics. This is an iterative way to calculate the functional form of
higher-order spherical harmonics from the lower-order ones. We will discuss this in

more detail in an exercise.

1.3.3 Addition Theorem of Spherical Harmonics

The spherical harmonics obey an addition theorem that can often be used to

simplify expressions

2 Yo 01 00 Yy 0 0) = 1P€(cosw) [1.21]

m=—L

where w omega describes the angle between two unit vectors oriented at the polar

coordinates (6, ¢;) and (0,, ¢,) with

cosw = cosf;cosl, + sinf;sinf,cos(p; —¢,) . [1.22]
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1.3.4 Integrals Over Spherical Harmonics

The integration over the product of three spherical harmonics can be simplified

using the product rule of Eq. [1.16] and the orthogonality of Eq. [1.7]. This leads to

2T T

J .[th m1(9’ ¢)Y€2, mz(e’ ¢) Y€37 m3(97 ¢) sinf(d6)d¢

00
v /\/(261+1)(2€2+1)(2L+1)( € 4 L )( € L)
im 4w mym; M L0 00

[1.23]

2T T

<[ [ YL (0. )Y, (6. )sin0(d0)do
00
26 +1><2€2+1><2€3+1>( 66 6 ]( 6 4 63)
4w 000

Ny my My

a simple expression involving only a normalization constant and two Wigner 3;j

symbols.

1.4 Literature
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